Abstract. For a finite group G, the group Outcent £ ¥ ¤ p G¦ of outer central automorphisms of ¤ p G only depends on the Morita equivalence class of ¤ p G, which allows reduction to a basic order for its calculation. If the group ring is strongly related to a graduated order, it is often possible to give an explicit description of the basic order (see [14, 13] 
Introduction
Automorphisms of group rings RG, where G is a finite group and R a padic ring, have been studied with great success in the past two decades (see [15-18, 9, 10] ); the main research was centered round the Zassenhaus conjectures. Observe that not much is lost by restricting attention to normalized automorphisms, i.e., to automorphisms which map G into the group of units of augmentation 1 in RG. Recall that a central automorphism of a ring Λ is a ring automorphism of Λ which fixes the center of Λ element-wise. One of the Zassenhaus conjectures in its 'automorphism form' can be stated as follows (see [19, Section 37]):
(ZC) Aut Each normalized automorphism of G is the composition of a group automorphism of G (extended to a ring automorphism) and a central automorphism of
G.
inner automorphisms of Λ. By Autcent Λ we denote the group of central automorphisms of Λ, and by Outcent Λ its image in Out Λ (changing "A" to "O" will always have this fixed meaning).
Note that the center of G is the -span of the class sums, i.e. the sums over the elements of a conjugacy class of G. It is well known that a normalized automorphism of G permutes the class sums (see [19, (36.5) ]). Thus Aut n G acts on the character table of G, and the conjecture (ZC) Aut asserts that this action coincides with the action of Aut G . We verify this criterion for the perfect group of order 1080, which is a central extension of the alternating group A 6 by a cyclic group of order 3, in Section 5. This will follow from general considerations as soon as we have established that Outcent has been given in [13] . Furthermore, Outcent ¥ ¤ is, with regard to p-adic group rings, invariant under Morita equivalence. This is shown in Section 1, where we collect some general facts about automorphisms of Morita equivalent rings.
In general, knowledge about the automorphism groups of blocks of group rings over p-adic integers should contribute to the understanding of automorphisms and isomorphisms of integral group rings (cf. [17, 18] ). Now let R be a p-adic ring, i.e. the integral closure of the p-adic integers p in a finite extension field of the p-adic field [12] , the latter notation has an other meaning).
Note that the question whether there is an equality Out n
is a special case of the "defect group conjugacy problem" raised by Scott ([17, p. 267] , [18] ); a first positive answer, for p-groups G, was given by Roggenkamp and Scott in their fundamental paper [16] . Furthermore, we would like to mention that, given α¨Aut B , the block B can be viewed as a 'twisted' RG© RG -bimodule α B 1 (left action twisted by α), and if α¨Aut D B , the Green correspondent of α B 1 is the Brauer correspondent b, viewed as a 'twisted' bimodule β b 1 , where β¨Aut b agrees with α on D (see [15, (4.8) [9] ) and Outcent
¯G , the group of outer class preserving automorphisms ofḠ (this follows from a theorem due to Roggenkamp and Scott which we call the "F ¡ -Theorem", see [17, 15, 10, 9] ). However, with respect to the defect group conjugacy problem, Scott pointed out that "In the nonsolvable case there is not yet any empirical evidence one way or another." ([17, p. 268] ).
The Green correspondence for automorphisms mentioned above and the results for p-constrained groups suggest that the defect group conjugacy problem for the principal block B 0 is correlated to questions about the structure of Outcent (see [18] , [12, Corollary 5.8] ). Here, we show that Outcent B is trivial for a block B with cyclic defect group, using Plesken's description of the ring theoretical structure of B ( [14, Chapter 8] ). This will be done in Section 3. Section 1 contains some remarks on automorphisms of graduated orders which will used for the proofs.
Finally 
Automorphisms of Morita equivalent rings
Let R be a commutative ring and suppose that Λ is an R-algebra. For an idempotent f of Λ, we denote by Aut 
GROUP RINGS
We now specialize to the case of group rings. Let G be a finite group, and let R be a complete discrete valuation ring of characteristic 0, with field of fractions K and residue field k of characteristic p.
We first record a lemma which is derived from Brauer's proof on the number of simple kG-modules (k sufficiently large). We use the following notation. 
RG .
Of course, the corollary can be stated analogously for blocks of group rings, and the following discussion will show that it also holds for orders that are Morita equivalent to blocks of group rings.
To this aim, recall from [6, (55.5) [6, (55.9) ]). It is easily checked that the given maps give rise to a commutative diagram, as shown above.
There are isomorphisms Pic
The A basic result in the calculation of Picard groups of group rings is the following (see [6, §55] 
As Picard groups are invariant under Morita equivalence, this result allows the following reduction in the calculation of Outcent RG . We follow the discussion given in [6] subsequent to the proof of (55.23). In the next section, we will need a simple consequence of Lemma 2. 
Blocks with cyclic defect groups
Let B be a block of a group ring p G with cyclic defect group of order p a . Let K be the minimal unramified extension of To fix the notation we repeat the description of Λ given in [ If one omits the exceptional vertex from the Brauer tree, one gets a union of trees, each having a vertex with an additional free edge (the one connecting the tree to the exceptional vertex). Let T be such a tree with t vertices, corresponding to The ordinary irreducible characters in Λ are 1© 5a© 5b© 8a© 8b and 10. We use them to label the central primitive idempotents of KO as ε 1 , ε 5a , ε 5b , ε 8a , ε 8b and ε 10 . The irreducible Brauer characters in Λ are 1© 4© 3a and 3b, and Proof. By [11] , Λ is given by its Ext-quiver and relations as shown in Figure 1 . It is straightforward to check that Λ has k-dimension 36. In Figure 2 , k. The condition that Φ fixes the central element Let B 0 be the principal block of a p-adic group ring, with defect group P. It seems to be an interesting question whether central automorphisms of B 0 which stabilize P are necessarily inner automorphisms. Here, we prove this for the principal p-blocks of the groups SL 2 p f (p a prime, f¨¢ ). The proof splits into two parts: in the next lemma we record a simple group theoretical fact about these groups, and then the proof is completed using Green correspondence of automorphisms. 
Thus α is in fact a field automorphism of F. Modifying σ by an automorphism induced by a field automorphism of G, we may assume that α is the identity mapping. But then ( ) implies that β is also the identity mapping, and the lemma is proved.
Recall that for a block B with defect group D we denote by Aut D B the group of automorphisms of B which stabilize D. 
An application using the small group ring
In this section, we verify the Zassenhaus conjecture (ZC) Aut for the perfect group G of order 1080. This group is a central extension of the group A 6 by a cyclic group of order 3, and is denoted by 3 A 6 .
We briefly explain where our interest in this task comes from. The automorphisms of a finite Coxeter group W , its integral group ring W , and the associated generic Iwahori-Hecke algebra are classified in [2] (in particular, (ZC) Aut holds for W ), and in [2, p. 620] the opinion has been expressed that at least some of these results should extend to the case where W is a finite complex reflection group. Shephard and Todd classified in [20] the finite complex reflection groups. These groups are direct products of irreducible ones, which either belong to one of three infinite series or to a list of 34 groups. A complete list of these groups together with presentations, symbolized by diagrams "à la Coxeter", is given in [5] . For all except one group from the list of 34 groups, Greiner showed in her diploma thesis [8] that (ZC) Aut is valid. This was done by applying the F ¡ -Theorem (mentioned in the introduction) and the methods from [3] . The remaining group is number 27 from [20, Table VII ], denoted by G 27 in [5] . It is the direct product of a cyclic group of order 2 and the perfect group 3 A 6 . It is known that if G and H are finite groups which are determined by their integral group rings, (ZC) Aut holds for the direct product G¨H provided (ZC) Aut holds for the factors G and H (see the discussion in [3, Remark 3.3] ). Thus, in order to show that (ZC) Aut holds for G 27 , it suffices to verify the conjecture for 3 A 6 . We remark that application of currently known methods (see [3] ) does not yield this result. Instead, we first review some aspects of the "method of the small group ring". Then we shall see that Theorem 4.1 implies the desired result.
Let G be a finite group, and R a commutative ring. Proof. We verify the criteria given in [3, Theorem 3.4] , that is, that each automorphism of the character table T of 3 A 6 is induced by a group automorphism. It can be checked (for example, using GAP [7] ), that the automorphism group of T has order 8. (The automorphism group of 3 A 6 acts as Klein's four group on T , so there is really something to prove.) In particular, there are no automorphisms of 3-power order, and the theorem follows from Theorem 4.1 and Lemma 5.1.
